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Abstract

In this paper, we present a series of computational simulations of three-dimensional turbulent mixing with mass
transfer for various pipe mixing arrangements. The simulations are carried out with the ADINA software, in which
general-purpose ®nite element and ®nite volume formulations along with the k±E turbulent model are used for

incompressible Navier±Stokes ¯ows with mass transfer. Based on the predicted pressure and velocity pro®les and
the standard deviation of tracer (or ®ber) spatial distributions at certain distances downstream from the injection
point, we compare the mixing performances of various transverse, concentric, and multijet mixers as well as four

silo mixing units. In addition, we deduce certain design information pertaining to di�erent mixing con®gurations.
# 1999 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Turbulent mixing of various ¯uid streams has many

industrial applications in areas such as sewer discharge,

chemical reactions, heat transfer operations, and mix-

ing and combustion processes [5, 12]. In the paper

industry, ®ber water mixture needs to be diluted and

delivered smoothly and uniformly to the headbox

forming section. One of the key components is the so-

called silo mixing unit depicted in Fig. 1, which con-

sists of various pipe mixing arrangements. In this

work, we consider the following mathematical models

related, but not limited to current silo designs: (1)

transverse mixers at di�erent injection angles; (2) con-

centric mixers with di�erent nozzle shapes; and (3)

multijet mixers. Full-¯edged simulations for four silo

mixing units with complex three-dimensional geome-

tries are also investigated. Considering the fact that the

rheology of low consistency ®ber water mixture is very

similar to that of water, we employ the mixing model

of two turbulent miscible ¯uids with the same density

and viscosity, and di�erent inert tracer concentrations.

In the general area of turbulent mixing, many

research e�orts have been directed to experimental in-

vestigations. Recently, some numerical studies have
been performed on two- or three-dimensional turbulent

mixing with mass or heat transfer for simple

geometries [10]. However, very few studies are avail-

able for dealing with complex three-dimensional turbu-

lent simulation with mass transfer. Some of the recent

advances in applying Computational Fluid Dynamics
(CFD) techniques to the chemical process industry are

documented in Ref. [11]. In this paper, we present a

systematic study of various fundamental pipe mixers

and silo mixing units using the ADINA software, which

consists of the program on heat transfer in solids

ADINA-T, the program on displacements and stresses
ADINA, the program on ¯uid ¯ows and heat transfer

ADINA-F, the pre-processor ADINA-IN, and the post-pro-

cessor ADINA-PLOT. All the solid model geometries used

in this paper are created with the PROENGINEER soft-

ware, and their corresponding meshes are generated
with the automatic mesh generation algorithm in

ADINA-IN. A detailed description of the recent develop-

ment of the ADINA-F program is available in Ref. [1].
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In the following section, we summarize the govern-
ing equations and the criteria used in measuring mix-

ing uniformity. We discuss in Section 3 transverse jet
mixers with di�erent angles. In Section 4, we focus on
concentric mixers with various nozzle shapes. The rela-

tively new multijet mixing arrangements are considered
in Section 5, and the full-¯edged silo mixing unit simu-
lations are presented in Section 6. Design information

deduced from the computational simulation results is
presented in Sections 3±6 as well as in the concluding
section.

2. Research approaches

We consider here the turbulent ¯ow of a homo-
geneous, viscous, incompressible ¯uid with constant

properties. By representing the ¯uctuating parts in
the eddy viscosity nt, turbulent kinetic energy k, and
turbulent dissipation rate E, we obtain the following

governing equations from the mass and momentum
conservation equations [7, 14]:
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where r, n, nt, vi, and p stand for ¯uid mass density,

kinematic viscosity, eddy viscosity, time-average ¯uid

¯ow velocity in direction xi, and time-average pressure,

respectively. Furthermore, for the standard k±E turbu-

lent model, we have two additional equations:
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where a1, a2, s k, and s E are designated constants; F
denotes the inner product of the velocity strain tensor
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and the turbulent time scale T and viscosity nt are

expressed as

T � k

E
�

���
n
E

r
; �3�

nt � cmkT �4�
with a constant cm.

In addition to the mass and momentum conserva-

tion equations with the k±E turbulent model, we

employ the following tracer conservation equation to

model the mass transfer phenomena in the turbulent

¯ow,

Fig. 1. A typical silo pipe mixing system.
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where c, Sc, and sc are the time-average concentration
of tracer (or ®ber), Schmidt number, and a selected

constant. We note that a similar equation can be

directly obtained for the temperature distribution in

the case of heat transfer.

The governing Eqs. (1), (2) and (5) are implemented

in the ADINA-F program. Moreover, the turbulent di�u-

sivity n/Sc+ nt/sc as a function of spatial locations is
incorporated in the user-supplied subroutine provided

by the ADINA software. In this work, we select

a1=1.44, a2=1.92, s k=1.0, s E=1.3, c m=0.09,

Sc=1.64�106, and sc=0.9. The modi®cation of

these constants based on the experimental validation
will be reported in a forthcoming paper.

The mixing uniformity is measured in terms of two
relative standard deviations sc and s cu of the concen-

tration c with respect to the arithmetic mean �c. We de-

®ne �c, sc, and scu at a certain pipe cross section A

downstream from the nozzle as follows:
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Fig. 2. A typical transverse pipe mixing model.

Fig. 3. Solid models of transverse mixers with various jet injection angles.
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Fig. 4. Mixing uniformity measures of various transverse pipe mixers.
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Fig. 5. Tracer distribution (mass-ratio) of transverse pipe mixers with various injection angles.
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Fig. 6. Pressure band plots of transverse pipe mixers with various injection angles.
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Fig. 7. Velocity contour of transverse pipe mixers with various injection angles.
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We recognize that the integrals fAu dA and fAcu dA

are directly related to the volume ¯ow rates and tracer
concentration through mass balances. Denoting q and
Q as the ¯ow rates of the streams with tracer concen-
trations c1 and c2, respectively, from the mass conser-

vation laws, we obtainZ
A

udA � q�Q; �9�

Z
A

cudA � c1q� c2Q �10�

which can be used to validate the computational

results.

3. Transverse mixers

The most widely used pipe mixer is the transverse
mixer shown in Fig. 2, in which a jet with diameter d1
issues ¯uid containing tracer into a tube of diameter

d2. The ambient ¯uid velocity of the tube is v2, and the
initial tracer jet velocity is v1.
We compare, in this work, transverse mixers

with the following physical parameters:
d1=0.1092 m; d2=0.3048 m; v1=3.0 m/s;

v2=1.0 m/s; c1=0.03; c2=0; and consequently

q � �p=4�d 2
1v1 � 0:2810� 10ÿ1 m3=s; Q � �p=4�d 2

2v2
� 0:7297� 10ÿ1 m3=s. Fig. 3 shows the solid models

of transverse mixers with various jet injection angles.

In order to compare the mixing e�ciency of various

transverse mixers, we present in Fig. 4 the quantitative

measures based on the computational results at the

corresponding cut planes. In the subplots fAu dA and

fAcu dA, the numerical results are compared with the

references derived from the mass conservation laws in

Eqs. (9) and (10). In addition, the subplot fAc dA/A

represents the uniformity of the mixing, and the sub-

plot fAcu dA/A stands for the average tracer mass ¯ow

rate. Figs. 5 and 6 depict the mass-ratio contours and

pressure distributions for transverse mixers with di�er-

ent injection angles. It is clearly shown in Fig. 5 and

the subplots s2
c and s2

cu in Fig. 4 that the mixing e�-

ciency of the pipe mixer with a 908 injection angle is

Fig. 8. A typical concentric pipe mixing model.

Fig. 9. Solid models of concentric pipe mixers with various nozzle designs.
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Fig. 10. Measures of mixing uniformity of various concentric pipe mixers.
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better than that of the mixers with acute angles, and

by pointing the injection jet upstream, i.e. y>908,
only slight improvement can be achieved. This con-
clusion correlates with the experimental ®nding dis-

cussed in Ref. [9]. However, in the paper industry, in
addition to the mixing e�ciency, we also have to con-
sider the large-scale vortices where ®ber ¯ocks or bun-

dles may form. As is clearly indicated in Fig. 6,
signi®cant circulations or vortices can exist near the
injection point due to the adverse pressure gradient in
transverse pipe mixers with right or obtuse injection

angles. Furthermore, to avoid having the jet impact on
the wall and consequently create the pressure pulsation
and ¯ow disturbance in the approach ¯ow system, we

may have to consider the jet trajectory. It is shown
from the absolute velocity band plots in Fig. 7 that the
jet trajectories of the transverse mixers with acute

injection angles are less likely to impact on the oppo-
site wall. More detailed information on the jet trajec-
tory is available in Refs [3] and [6].

4. Concentric mixers

In the paper industry, concentric mixers are also

used extensively. An early computational study on this
subject is presented in Ref. [4]. In the concentric mixers
depicted in Fig. 8, two pipes are installed coaxially

with the smaller one contained in the larger one, and

®ber stock within the smaller pipe is injected into the

larger pipe, which normally contains lower consistency

®ber stock or white water with a lower velocity. The

possible design variations of concentric mixers are the

nozzle cut angle y and nozzle shape.

We compare concentric mixers with the

following physical parameters: d 1i=0.1092 m;

d 1o=0.1244 m; d2=0.3048 m; v1=3.0 m/s;

v2=1.2 m/s; c1=0.03; c2=0; and

consequently, q � �p=4�d 2
1iv1 � 0:2810� 10ÿ1m3=s;

Q � �p=4��d 2
2 ÿ d 2

1o�v2 � 0:7297� 10ÿ1 m3=s. Fig. 9

shows the solid models of four concentric mixers with

various jet nozzles. The quantitative measures at the

corresponding cut planes are presented in Fig. 10.

Fig. 11 depicts the mass-ratio contours of four con-

centric mixers. It is interesting to note that in this set

of con®gurations commonly used by the paper indus-

try, the concentric pipe mixer is more e�ective than the

transverse pipe mixer, and the nozzle shapes do not

a�ect the mixing very much. This conclusion is coun-

terintuitive concerning the existing knowledge in var-

ious chemical engineering areas where the tangential

mixing e�ciency is only one sixth of the normal mix-

ing e�ciency [6]. Nevertheless, we notice that the ratio

of the injection jet radius and the main pipe radius in

such chemical engineering problems is often small, i.e.

the jet is in e�ect issued into an in®nite body of ¯uid,

Fig. 11. Tracer distribution (mass-ratio) of various concentric pipe mixers.
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Fig. 12. Measures of mixing uniformity of various concentric pipe mixers. (d 1i=0.1526 m; d 1o=0.1676 m; d2=0.4572 m;

v1=3.0 m/s; v2=1.0 m/s).

X. Wang et al. / Computers and Structures 70 (1999) 447±465 457



which is not the case in the paper industry. Of course,

further work must be done to optimize these geome-
tries, that is, for a ®xed ¯ow ratio q/Q and distance-to-
mixing ratio x/d2, the optimum diameter ratio must be

determined to minimize the variation coe�cients sc
and s cu.
To further the investigation of nozzle shape e�ects,

we compute another set of geometry and velocity
ratios. As can be seen from Figs. 12 and 13, the mixing
e�ciency of the contracting nozzle is much better than
that of ¯at nozzles with various cut angles.

5. Multijet mixers

As a relatively new mixing idea, multiple jets are
often used to impinge on each other to create a more
e�cient mixing zone. Early experimental and compu-

tational studies are reported in Refs [2] and [8]. It is
conceivable that in the near future, multijet mixers (as
shown in Fig. 14) will be introduced in the paper

industry along with the current coaxial and transverse
mixers.
In this work, we compare three multijet mixers (2, 3,

and 4 jets) with the corresponding transverse mixer
with a 908 injection angle. Di�erent multijet mixers are
indicated with the jet number n. The physical par-

ameters are listed as follows: d1=0.7722�10ÿ1 m;

d2=0.3048 m; v2=1.0 m/s; c1=0.03; c2=0; and

consequently q � n�p=4�d 2
1v1 � 0:2810� 10ÿ1 m3=s;

Q � �p=4�d 2
2v2 � 0:7297� 10ÿ1 m3=s. We vary the jet

velocity v1 corresponding to the jet number n in order

to preserve the constant ¯ow rate q. Fig. 15 shows the

solid models of three multijet mixers.

The quantitative measures at the corresponding cut

planes are shown in Fig. 16. Fig. 17 depicts the mass-

Fig. 14. A typical multijet pipe mixing model.

Fig. 13. Tracer distribution (mass-ratio) of various concentric pipe mixers with di�erent ratio of inner and outer pipe radii.

(d 1i=0.1526 m; d 1o=0.1676 m; d2=0.4572 m; v1=3.0 m/s; v2=1.0 m/s).
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ratio distributions of multijet mixers along with the

corresponding transverse mixer with a 908 injection
angle. Compared with the single transverse jet mixer,
the mixing e�ciency of multijets is much better. It is
also interesting to note that multijets with an even

number of jets perform better than those with an odd
number of jets. For example, although more jets within
the multijet mixer imply better mixing, a two-jet mixer

achieves better mixing than a three-jet mixer for
x/d2>1.5.

6. Silo unit

As illustrated in the mathematical model depicted in

Fig. 18, the silo is a cylindrical water storage tank with
a constant water level. The inner pipe protruding into
the fan pump inlet zone contains a higher consistency

®ber stock (e.g. 3%), and the concentric outer pipe col-
lects the recirculation diluted stock (e.g. 2%). In this
paper, we assume that the concentric pipes are rigid.

The issue of dynamic instability of these suspended

pipes is addressed in Ref. [13].

Industry research suggests that the fan pump lo-

cation can directly a�ect the paper sheet formation.

Although many practical aspects, including the sus-

pended pipe vibration, may contribute to smooth

pump operation or even sheet property variations, in

this work, we focus on the issues of fan pump location,

i.e. the length of the outlet pipe, and the corner cut (a

common practice in the paper industry). Therefore, the

basic consideration is the same as those for transverse,

concentric, or multijet mixers, where the mixing uni-

formity is measured at a certain distance downstream

from the injection point.

We consider four silo units illustrated in Fig. 19.

The inner and outer pipe ¯ow velocities are 1 and

3 m/s, respectively, and the equivalent velocity for the

silo water supply from the top is 0.0349 m/s. Case A

represents the initial design con®guration. Case B

includes the modi®cation with a corner cut. Case C

has a longer outlet pipe. Case D combines two modi®-

cations in cases B and C together. Fig. 19 shows the

Fig. 15. Solid models of various designs of multijet pipe mixers.
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Fig. 16. Measures of mixing uniformity of various multijet pipe mixers.
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solid models of four silo units. The quantitative

measures at the corresponding cut planes for each case
are presented in Fig. 20. Fig. 21 presents the mass-
ratio contours at six di�erent axial locations (cut sur-

faces) of the outlet pipe in four silo units. It is evident,
by comparing cases B, C, and D with case A, that mix-
ing e�ciency can be signi®cantly improved by the

elongation of the outlet pipe; also, the corner cut is
not a dominant factor. In fact, in the subplots s 2

c and
s 2
cu in Fig. 20, if we compare case A with case B and

case C with case D, we ®nd that the corner cut

enhances rather than reduces the concentration nonu-
niformity.

7. Conclusions

In this paper, a systematic numerical study of var-

ious pipe mixers and silo mixing units has been con-
ducted with the ADINA software. To summarize, we
obtain the following information pertaining to the de-

sign of the considered mixing arrangements:

1. Although transverse mixers with an injection angle
of ye908 are more e�cient in mixing, they tend to

produce large-scale vortices near the injection point,
and the jet is more susceptible to impacting the
opposite wall. Therefore, in the paper industry, an

acute injection angle may be considered, and in

practice, a longer distance downstream away from

the injection point is recommended in order to com-

pensate for the loss of mixing e�ciency.

2. In concentric mixers, with the same input ¯ow

rates, for the geometries used in this work (typical

geometries in the paper industry), the mixing e�-

Fig. 17. Tracer distribution (mass-ratio) of various multijet pipe mixers.

Fig. 18. A typical silo pipe mixing unit model.
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Fig. 19. Solid models of various modi®cations of silo pipe mixing models.
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Fig. 20. Measures of mixing uniformity of various silo pipe mixing arrangements. (q1 and q2 are the ¯ow rates of the inner and

outer concentric pipes, and Q is the ¯ow rate of the silo. ci is the corresponding ®ber consistency).
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ciency is much higher than those of the correspond-
ing transverse and multijet mixers. In addition,

from the further investigation with di�erent relative
injection jet size, we ®nd that mixing e�ciency can
be greatly improved in the case of the contracting

nozzle. This indicates that, in the case of mixing
chemical additives, the contracting nozzle is rec-
ommended. In general, a ¯at nozzle with various

cut angles y does not a�ect mixing signi®cantly.
3. Multijet mixing is, in general, better than single jet

mixing, and an even number of jets is rec-

ommended.
4. In the silo mixing unit design, increasing the outlet

pipe length has a much greater and more positive
e�ect on the mixing e�ciency than the corner cut.
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